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Abstract
In this paper we construct a twisted analog of the di(erential graded algebra of Kahler dif-
ferential forms on a commutative algebra (provided by an endomorphism ). This construction
generalizes the work done in (Contemp. Math. 279 (2001) 177–193) for topological purposes.
The main feature of this twisted analog is a braiding which is the substitute of the commuta-
tivity in the classical situation, in which  is the identity. We show also that the one dimensional
di(erence calculus is a particular case of our construction.
c© 2003 Elsevier Science B.V. All rights reserved.
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In [4], the @rst author has shown the interest of “quantum” di(erential forms in Alge-
braic Topology. They are obtained from the usual ones by a slight change of the rules
of calculus on polynomials and series. In this paper, we make a more systematic study
of these new quantum di(erential forms. Our starting point is a commutative algebra
A with an endomorphism ; the di(erential graded algebra of “twisted” di(erential
forms •A is then obtained as the quotient of the universal non-commutative di(er-
ential graded algebra •ncA, de@ned by Connes and the @rst author, by the di(erential
ideal generated by the relations (d being the di(erential)
da b− (b)da:
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If  is the identity, we recover the classical commutative di(erential graded algebra of
K&ahler di(erential forms. If A=k[x] and the endomorphism  is given by (xn)=qnxn,
where q∈ k is a “quantum” parameter, we @nd the di(erential graded algebra introduced
in [4] for topological purposes.
The interest of this general de@nition lies essentially in the existence of a remarkable
braided structure R on •A, which reduces to the ordinary Mip if  is the identity, in
the way de@ned in [4, p. 2]—see the precise de@nition below. As a matter of fact, we
show at the same time its uniqueness under the condition that R(a ⊗ b) = b ⊗ a and
R(da⊗b)=(b)⊗da when both a and b belong to A; note this last condition is natural
in view of the commutation relations imposed on •A. If  is an automorphism, we
produce in this way a lot of examples of representations of the braid group Bn in a
vector space or a module, by considering (•A)⊗n or, more generally, J⊗n, where J
is any sub-quotient of •A stable by the braiding. For instance, if A is the algebra of
polynomials in several variables and if  is induced by a linear transformation of these
variables, @ltrations by various degrees in the variables produce such sub-quotients.
1. Generalities and statement of the theorem
1.1. We @x a base ring k. Unadorned tensor products ⊗ will always be taken over
k, and algebras will be k-algebras throughout.
1.2. Let A be an associative algebra. A universal derivation for A is a derivation
d :A → 1ncA of A such that for each derivation  :A → M of A with values in an
A-bimodule M there exists exactly one morphism of bimodules f :1ncA → M such
that  = f ◦ d. Such an object always exists, and is unique up to an obvious notion
of isomorphism; it can be concretely realized by taking 1ncA = Ker(A ⊗ A → A), the
kernel of the multiplication map, and de@ning da= 1⊗ a− a⊗ 1 if a∈A.
1.3. The algebra of universal di;erential forms on A, which we shall write •ncA,
is the tensor algebra TA1ncA of the A-bimodule 
1
ncA; it has a natural grading, and the
map d :A→ 1ncA induces in a unique way a derivation d :•ncA→ •ncA with respect
to which it becomes a cohomologically graded di(erential algebra; cf. [1,2].
1.4. Let now A be a commutative algebra, and let  :A → A be an algebra endo-
morphism; we write Qa= (a), and more generally Qan = n(a) for n¿ 0. Let IA be the
di(erential ideal generated in •ncA by the elements da b− Qb da for a; b∈A, and put
•A = •ncA=IA. This is again a di(erential algebra, which is graded since the ideal
IA is homogeneous. It is clear that •A is a functor on the category of pairs (A; ).
We call •A the di;erential graded algebra of twisted K=ahler di;erential forms.
We note that since IA is a di(erential ideal we have the relation du dv = −d Qv du
in •A for each pair of elements u; v∈A, as a simple computation shows.
1.5. Let A be an algebra. A braiding on A is a linear map R :A⊗ A→ A⊗ A such
that
R ◦ (⊗ 1) = 1⊗ ; R ◦ (1⊗ ) = ⊗ 1; (1)
(R⊗ 1) ◦ (1⊗ R) ◦ (R⊗ 1) = (1⊗ R) ◦ (R⊗ 1) ◦ (1⊗ R); (2)
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( ⊗ 1) ◦ (1⊗ R) ◦ (R⊗ 1) = R ◦ (1⊗ ); (3)
(1⊗ ) ◦ (R⊗ 1) ◦ (1⊗ R) = R ◦ ( ⊗ 1); (4)
 ◦ R= : (5)
Here  :A⊗A→ A is the multiplication map, and  : k → A gives the identity element
of A.
The operator R is regarded as an interchange operator. From this point of view,
condition (2), the Yang–Baxter equation, is a natural one to impose; in particular, it
implies that there is an action of the braid group Bn on the tensor power A⊗n whenever
R is an automorphism. Relations (3) and (4) express compatibility of the braiding with
the product. Finally, Eq. (5) is read as imposing a commutativity.
1.6. If A is a di(erential graded algebra, we will say that a morphism R :A⊗ A →
A ⊗ A is a braiding of di;erential graded algebras if it is simultaneously a braiding
and a map of di(erential graded modules with respect to the usual structure on A⊗A.
1.7. If A is a commutative algebra, we consider the morphism  :A ⊗ A → A ⊗ A
given by (a⊗ b) = b⊗ a; it is a braiding of A, the trivial braiding or ordinary ?ip.
1.8. With this vocabulary, we can now state our theorem:
1.9. Theorem. There exists a unique functorial way of assigning to each endomor-
phism  :A→ A of a commutative algebra a braiding R :•A⊗•A→ •A⊗•A of
the di;erential graded algebra of twisted K=ahler di;erential forms on (A; ) in such
a way that its restriction to the degree zero submodule 0A ⊗ 0A = A ⊗ A is the
trivial braiding , and which is such that
R(da⊗ b) = Qb⊗ da
for all a; b∈A.
2. Uniqueness
2.1. We write Ri;j for the restriction of R to iA ⊗ jA. Our strategy to show
uniqueness is to relate the various restrictions Ri;j to R0;0 and R1;0 and then to prove
that these two morphisms are determined by the conditions stated in the theorem.
2.2. Since jncA, and hence jA, is linearly spanned by elements of the form
dv0 dv1 · · ·dvj−1vj, it will be suRcient to compute
Ri;j(u0du1 · · ·dui ⊗ dv0 · · ·dvj−1vj)
= (R ◦ (1⊗ ))(u0du1 · · ·dui ⊗ dv0 · · ·dvj−1 ⊗ vj)
= (( ⊗ 1) ◦ (1⊗ R) ◦ (R⊗ 1))(u0du1 · · ·dui ⊗ dv0 · · ·dvj−1 ⊗ vj)
= (( ⊗ 1) ◦ (1⊗ R•;0))(R(u0du1 · · ·dui ⊗ dv0 · · ·dvj−1)⊗ vj);
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since
R(u0 du1 · · ·dui ⊗ dv0 · · ·dvj−1)
= (−1)iRd(u0du1 · · ·dui ⊗ v0dv1 · · ·dvj−1)
−(−1)iR(du0du1 · · ·dui ⊗ v0dv1 · · ·dvj−1)
=(−1)idRi; j−1(u0du1 · · ·dui ⊗ v0dv1 · · ·dvj−1)
−(−1)iRi+1; j−1(du0du1 · · ·dui ⊗ v0dv1 · · ·dvj−1);
we see that we can compute Ri;j in terms of Ri;j−1, Ri+1; j−1 and R•;0. A simple
inductive argument then shows that R is determined by R•;0.
2.3. Now, if i¿ 0,
Ri+1;0(u0du1 · · ·dui+1 ⊗ v0) = (R ◦ ( ⊗ 1))(u0du1 · · ·dui ⊗ dui+1 ⊗ v0)
= ((1⊗ ) ◦ (R⊗ 1) ◦ (1⊗ R))(u0du1 · · ·dui ⊗ dui+1 ⊗ v0)
= ((1⊗ ) ◦ (R⊗ 1))(u0du1 · · ·dui ⊗ R1;0(dui+1 ⊗ v0));
so that, if we assume
Im R1;0 ⊂ 0A⊗ 1A; (6)
we see that the maps R•;0 are determined by R0;0 and R1;0.
2.4. Part of our hypothesis is that R0;0 = ; the required uniqueness will follow then
if we can show that the hypothesis also determines R1;0 in such a way that (6) is
veri@ed. But indeed we have, for all a; b; c∈A, that
R(a db⊗ c) = R(d(ab)⊗ c)− R((da)b⊗ c)
=R(d(ab)⊗ c)− (R ◦  ⊗ 1)(da⊗ b⊗ c)
=R(d(ab)⊗ c)− (1⊗  ◦ R⊗ 1 ◦ 1⊗ R)(da⊗ b⊗ c)
=R(d(ab)⊗ c)− (1⊗  ◦ R⊗ 1)(da⊗ c ⊗ b)
=R(d(ab)⊗ c)− (1⊗ )(R(da⊗ c)⊗ b);
so that we see that R1;0 is determined by its value on elements of the form dx⊗y for
x; y∈A, which is @xed.
In view of what has been said above, the uniqueness statement in the theorem has
been proved.
3. Existence
3.1. Let us show now that there exists a braiding satisfying the conditions in the
statement. We do this by explicitly constructing it.
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3.2. Let A be a commutative algebra and let  :A → A be an endomorphism of A.
We de@ne a morphism of graded modules I :•A → •A of degree −1 by putting,
on nA,
I(u0du1 · · ·dun) =
n∑
i=1
(−1)i+1u0du1 · · ·dui−1(ui − Qu i)d Qu i+1 · · ·d Qun: (7)
We have to check that this is well de@ned.
First of all, recall that nncA can be realised as the tensor product A⊗ (A=k)⊗n where
k is the ground ring, and that in this model, u0du1 · · ·dun corresponds to the element
u0⊗ uˆ 1⊗· · ·⊗ uˆ n, where uˆ i is the class of ui in A=k. Therefore, we may de@ne a map
of graded k-modules J :•ncA → •A vanishing in degree 0 and given by a formula
similar to the one given for I in (7) in positive degrees; that is, in terms of A⊗(A=k)⊗n
we put
J (u0 ⊗ uˆ 1 ⊗ · · · ⊗ uˆ n) =
n∑
i=1
(−1)i+1u0du1 · · ·dui−1(ui − Qu i)d Qu i+1 · · ·d Qun:
We claim now that
J (!) = J (!) Q+ (−1)deg!!J (): (8)
whenever !; ∈•ncA are homogeneous. Assuming this for a moment, we see that in
order to show that J vanishes on the ideal I it is enough to verify that it maps to
zero all elements of the form dadb+ d Qbda with a; b∈A, and this is easily done:
J (dadb+ d Qbda) = (a− Qa)d Qb− da(b− Qb) + ( Qb− QQb)d Qa− d Qb(a− Qa)
= ad Qb− Qad Qb− dab+ da Qb+ Qbd Qa− QQbd Qa− d Qba+ d Qb Qa
= ad Qb− Qad Qb− Qbda+ da Qb+ Qbd Qa− d Qa Qb− d Qba+ d Qb Qa
=d(a Qb)− d( Qa Qb)− d( Qba) + d( Qb Qa)
= 0:
We thus see that I is well de@ned.
3.3. Let us prove Eq. (8) by induction on the degree of !. It obviously holds if
deg!= 0, and if != u0du1 and = v0dv1 · · ·dvp so that deg!= 1, we have
J (u0du1 · v0dv1 · · ·dvp)
= J (u0d(u1v0)dv1 · · ·dvp)− J (u0u1dv0dv1 · · ·dvp)
= u0(u1v0 − Qu 1 Qv0)d Qv1 · · ·d Qvp
+
p∑
k=1
(−1)ku0d(u1v0)dv1 · · · (vk − Qvk) · · ·d Qvp
−
p∑
k=0
(−1)ku0u1dv0dv1 · · · (vk − Qvk) · · ·d Qvp
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= u0(u1v0 − Qu 1 Qv0)d Qv1 · · ·d Qvp +
p∑
k=1
(−1)ku0du1v0dv1 · · · (vk − Qvk) · · ·d Qvp
+
p∑
k=1
(−1)ku0u1dv0dv1 · · · (vk − Qvk) · · ·d Qvp − u0u1(v0 − Qv0)d Qv1 · · ·d Qvp
−
p∑
k=1
(−1)ku0u1dv0dv1 · · · (vk − Qvk) · · ·d Qvp
= u0(u1v0 − Qu 1 Qv0)d Qv1 · · ·d Qvp − u0du1J (v0dv1 · · ·dvp)
−u0u1(v0 − Qv0)d Qv1 · · ·d Qvp
= J (u0du1) Qv0d Qv1 · · ·d Qvp − u0du1J (v0dv1 · · ·dvp);
so (8) also holds in this case. If now n¿ 1, and !=!1dun with !1 = u0du1 · · ·dun−1
and  is as before, we have, using the induction hypothesis twice, that
J (!) = J (!1(dunv0dv1 · · ·dvp))
= J (!1)d Qun Qv0d Qv1 · · ·d Qvp + (−1)n−1!1J (dunv0dv1 · · ·dvp)
= J (!1)d Qun Qv0d Qv1 · · ·d Qvp + (−1)n−1!1(un − Qun) Qv0d Qv1 · · ·d Qvp
+(−1)n!1dunJ (v0dv1 · · ·dvp)
= J (!) Q+ (−1)deg!!J ():
This completes the induction.
3.4. Let us agree from now on that whenever an homogeneous di(erential form
appears in an exponent, it stands for its degree, so that we will write (−1)! instead
of (−1)deg! for homogeneous !∈•A.
3.5. Lemma. Let A be a commutative algebra and let  :A→ A be an endomorphism
of A. For !;  ∈•A and v∈A the following relations hold:
I(v!) = vI(!); (9)
I d+ d I = 1− ; (10)
I(! ) = I! Q + (−1)!!I ; (11)
I(!dv) = I!d Qv+ (−1)!!(v− Qv); (12)
!v− v!= (−1)!I!dv: (13)
Moreover, we have I 2 = 0.
We remark that Eq. (10) says that I is an homotopy from the identity map of •A
to .
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Proof. We have
Id(u0du1 · · ·dun) =
n∑
i=0
(−1)i+2du0 · · ·dui−1(ui − Qu i)d Qu i+1 · · ·d Qun
and
dI(u0du1 · · ·dun) =
n∑
i=1
(−1)i+1d(u0du1 · · ·dui−1(ui − Qu i)d Qu i+1 · · ·d Qun)
=
n∑
i=1
(−1)i+1du0 · · ·dui−1(ui − Qu i)d Qu i+1 · · ·d Qun
+
n∑
i=1
u0du1 · · ·dui−1(dui − d Qu i)d Qu i+1 · · ·d Qun;
so that
(Id+ dI)(u0du1 · · ·dun)
= (u0 − Qu 0)d Qu 1 · · ·d Qun +
n∑
i=1
u0du1 · · ·dui−1(dui − d Qu i)d Qu i+1 · · ·d Qun
=− Qu 0d Qu 1 · · ·d Qun + u0du1 · · ·dun
=(1− )(u0du1 · · ·dun):
This shows that I is a homotopy 1•A  .
Relations (9), (11) and (12) follow immediately from the de@nition of I . Let us
check (13) inductively on deg!. If deg! = 0, it is true because A is commutative
and I is zero on 0-forms. Assume then the truth of (13) for an homogeneous form !;
then, if u; v∈A,
!duv=!d(uv)− !udv
=!vdu+ !dvu− !udv
=!vdu− !(u− Qu)dv
= v!du+ (−1)!I!dvdu− !(u− Qu)dv
= v!du+ (−1)!(−I!d Qu− (−1)!!(u− Qu))dv
= v!du− (−1)!I(!du)dv:
This shows (13) for all !.
Finally, to show that I 2=0 inductively, we observe that it is trivially true on 0-forms,
and if I 2!= 0 for an homogeneous form !, we have
I 2(!dv) = I(I!d Qv+ (−1)!!(v− Qv))
= I 2!d Qv2 + (−1)I!I!I(d Qv) + (−1)!I!( Qv− Qv2) + (−1)2!!I(v− Qv)
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= (−1)!−1I!( Qv− Qv2) + (−1)!I!( Qv− Qv2)
= 0
so that I 2 vanishes identically on •A.
3.6. Let us @x a commutative algebra A and an endomorphism  :A → A. Let
R :•A⊗ •A→ •A⊗ •A be given by
R(!⊗ ) = (−1)! Q! ⊗ !− (−1)(!+1)I Q! ⊗ d!:
We will verify that this operator satis@es the conditions in the theorem. From the
de@nition, it is clear that R veri@es (1).
3.7. Next, we have that
R(u0du1 · · ·dun ⊗ v0dv1 · · ·dvm) = (−1)nm Qvn0d Qvn1 · · ·d Qvnmu0du1 · · ·dun
−(−1)(n+1)mI( Qvn0d Qvn1 · · ·d Qvnm)du0du1 · · ·dun
and using (13) to interchange d Qvn1 · · ·d Qvnm and u0 in the @rst term, we see that this is
= (−1)nm Qvn0u0d Qvn1 · · ·d Qvnmdu1 · · ·dun
+(−1)(n+1)m Qvn0I(d Qvn1 · · ·d Qvnm)du0du1 · · ·dun
−(−1)(n+1)mI( Qvn0d Qvn1 · · ·d Qvnm)du0du1 · · ·dun
= u0du1 · · ·dunv0dv1 · · ·dvm;
so that R= ; this is (5).
3.8. We want to check that R satis@es the braid equation (2); evaluating both sides
on !⊗ ⊗  for homogeneous forms !; ;  ∈•A, we @nd
!⊗ ⊗  
R⊗1	→ (−1)! Q! ⊗ !⊗  − (−1)(!+1)I Q! ⊗ d!⊗  
1⊗R	→ (−1)!+! Q! ⊗ Q ! ⊗ !
−(−1)!+! + Q! ⊗ I Q ! ⊗ d!
−(−1)!++(!+1) I Q! ⊗ Q !+1 ⊗ d!
R⊗1	→ (−1)!+! + Q !+ ⊗ Q! ⊗ !
−(−1)!+! + + I Q !+ ⊗ d Q! ⊗ !
−(−1)!+! + +( −1)I Q !+ ⊗ Q! ⊗ d!
−(−1)!++(!+1) +(−1) Q !+ ⊗ I Q! ⊗ d!
+(−1)!++(!+1) +(−1) + I Q !+ ⊗ dI Q! ⊗ d!
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and
!⊗ ⊗  
1⊗R	→ (−1) !⊗ Q  ⊗ 
−(−1) + !⊗ I Q  ⊗ d
R⊗1	→ (−1) +! Q +! ⊗ !⊗ 
−(−1) +(!+1) I Q !+ ⊗ d!⊗ 
−(−1) + +!( −1)I Q +! ⊗ !⊗ d
1⊗R	→ (−1) +! +! Q +! ⊗ Q! ⊗ !
−(−1) +! +!+ Q +! ⊗ I Q! ⊗ d!
−(−1) +! +!++ I Q +! ⊗ Q!+1 ⊗ d!
−(−1) + +!( −1)+!(+1)I Q +! ⊗ d Q! ⊗ !
+(−1) + +!( −1)+!(+1)++1I Q +! ⊗ Id Q! ⊗ d!:
These are equal, because
−(−1)!+! + + −I Q !+ ⊗ Q! ⊗ d!
+(−1)!++! + + I Q !+ ⊗ dI Q! ⊗ d!
=− (−1) +! + +!+I Q +! ⊗ Q!+1 ⊗ d!
+(−1) + +! +!++1I Q +! ⊗ Id Q! ⊗ d!
which in turn follows from
−(−1) − Q! + (−1)+ dI Q! =−(−1) + Q!+1 − (−1) +Id Q!
which is true, because Lemma 3.5 implies that
− Q! + dI Q! =− Q!+1 − Id Q!:
3.9. Finally, our map R is compatible with multiplication in •A, since, for example,
!⊗ ⊗  
1⊗	→!⊗  
R	→(−1)!(+ ) Q! Q ! ⊗ !− (−1)!(+ )++ I( Q! Q !)⊗ d!
!⊗ ⊗  
R⊗1	→ (−1)! Q! ⊗ !⊗  − (−1)!+I Q! ⊗ d!⊗  
1⊗R	→ (−1)!+! Q! ⊗ Q ! ⊗ !
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−(−1)!+! + Q! ⊗ I Q ! ⊗ d!
−(−1)!++(!+1) I Q! ⊗ Q !+1 ⊗ d!
⊗1	→ (−1)!+! Q! Q ! ⊗ !
−(−1)!+! ++ ((−1) Q!I Q ! + (I Q!) Q !+1)⊗ d!
and these are equal by the lemma; this shows (3), and the other Eq. (4) is checked in
the same way.
3.10. It is obvious that R depends naturally on , and reduces to the trivial twist 
in degree 0. Since it satis@es the required conditions, Theorem 1.9 is proved.
3.11. Three simple examples. Consider A= k[x] and q∈ k, and let  :A→ A be the
endomorphism such that (x)=qx with q 
= −1. Then we have 0A=k[x], 1A=k[x]dx,
and pA=0 for p¿ 1, and the twisted exterior di(erential is given by dxn=nqxn−1dx
for each n¿ 1, where, for each n, we de@ne the q-integer nq = (1− qn)=(1− q) when
q 
= 1, and n1 = n. The operator I :1A → 0A is given by q-integration of forms:
I(xndx) = (1 − q)xn+1. Using this, we easily obtain the following formulas for the
braiding constructed above on •A:
R(xn ⊗ xm) = xm ⊗ xn;
R(xndx ⊗ xm) = qmxm ⊗ xndx;
R(xn ⊗ xmdx) = xmdx ⊗ xn + (1− qn)xm+1 ⊗ xn−1dx;
R(xndx ⊗ xmdx) =−qm+1xmdx ⊗ xndx:
We thus recover the main example considered in [4]. More generally, one can replace
A with a ring of convergent power series f with the endomorphism given by (f)(x)=
f(qx) like in [3].
3.12. Consider next the k-algebra A of functions f :Z→ k for which there exist a
and b in Z such that f is constant on (−∞; a] and on [b;+∞). Let  :A→ A be the
automorphism of A such that (f)(x) = f(x + 1) for each f∈A and x∈Z.
In order to describe the module of di(erentials 1A, we let A0 ⊂ A be the sub-module
of functions vanishing at in@nity, and we regard it as an A-bimodule with
(f:!)(x) = f(x)!(x) and (!:f)(x) = f(x + 1)!(x)
for each f∈A and !∈A0. There are linear maps $ :1A→ A0 and % :A0 → 1A such
that $(f:dg) = f( Qg − g) and %(x) = dYx; here x is the Dirac function supported
on x∈Z, and Yx(y) = 0 if y6 x and Yx(y) = 1 if y¿x. These are morphisms of
A-bimodules, which are inverse isomorphisms; indeed, it is clear that $ ◦ % = idA0 and
% is surjective. To verify this last claim, note that since Yx = Y 2x , we have dYx =
YxdYx + dYxYx = (Yx + QY x)dYx in 1A, so, using QY x = x + Yx, we get
(2Yx + x − 1)dYx = 0: (14)
Upon multiplication of this by Yx from the left, we see that YxdYx=0, so (14) becomes
dYx = xdYx: (15)
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Now 1A is spanned by di(erentials of the forms YydYx and dYx. The latter are
obviously in the image of %. Using (15), we have YydYx = YyxdYx, which is xdYx =
dYx if x¿y and zero otherwise; in any case, YydYx is also in the image of %, which
is thus surjective.
We have shown that 1A ∼= A0 as A-bimodules. The exterior di(erential d :A→ 1A
corresponds under this isomorphism to the map d :A → A0 such that df(x) = f(x +
1)−f(x). We thus see that the twisted K&ahler calculus in this situation is exactly the
calculus of @nite di(erences. What is new, however, is the braiding associated to this
calculus, which is de@ned by formulas similar to the ones appearing in 3.11: for f
and g∈A, we have
R(f ⊗ g) = g⊗ f;
R(df ⊗ g) = Qg⊗ df;
R(f ⊗ dg) = dg⊗ f + (g− Qg)⊗ df;
R(df ⊗ dg) =−d Qg⊗ df:
The fact that these formulas do de@ne a braiding, which can be established directly—
through easy but tedious computation—follows immediately from the theory developed
in this paper. This example is studied in [5] as a starting point for “braided DGA
models” of topological spaces.
3.13. Another familiar example is the following. Let A=k[x]=(x2−x) and let  :A→
A be such that (x) = 1 − x. Then •A can be identi@ed with the di(erential graded
algebra of normalized cochains on the simplicial set {0; 1}. Since 2 = 1, the action of
the braid group Bn reduces to the action of the symmetric group Sn.
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